HAAGERUP BOUND FOR QUATERNIONIC GROTHENDIECK INEQUALITY

SHMUEL FRIEDLAND, ZEHUA LAI, AND LEK-HENG LIM

ABSTRACT. We present here several versions of the Grothendieck inequality over the skew field of
quaternions: The first one is the standard Grothendieck inequality for rectangular matrices, and two
additional inequalities for self-adjoint matrices, as introduced by the first and the last authors in a
recent paper. We give several results on “conic Grothendieck inequality”: as Nesterov 7/2-Theorem,
which corresponds to the cones of positive semidefinite matrices; the Goemans—Williamson inequal-
ity, which corresponds to the cones of weighted Laplacians; the diagonally dominant matrices. The
most challenging technical part of this paper is the proof of the analog of Haagerup result that the
inverse of the hypergeometric function x 2F1( 3;x ) has first positive Taylor coefficient and all
other Taylor coefficients are nonpositive.
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1. INTRODUCTION

We will let F = R and C and H be the fields of real, complex and the skew field of quaternions
respectively in this article. In 1953, Grothendieck proved a powerful result that he called “the
fundamental theorem in the metric theory of tensor products” [8]. His result can be stated as
follows [12]: For F € {R, C} there exists a finite constant K > 0 such that for every I,m,n € N and
every matrix M = (M;;) € F™*",
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where the maximum on the left is take over all z;,y; € F! of unit 2-norm, and the maximum on
the right is taken over all €;,0; € F of unit absolute value (i.e., e; = £1, §; = £1 over R; ¢; = eza
0 = e% over C). The 1nequahty . ) has since been chrlstened Grothendzeck s itnequality and
the smallest possible constant K Grothendieck’s constant. The value of Grothendieck’s constant
depends on the choice of F and we will denote it by Kg. In a recent paper [5] two authors of
this paper extended the Grothendieck inequality to symmetric/Hermitian matrices, which we call
symmetric Grothendieck inequality and referred as SGI. Namely, in the above inequality we can
assume that M is symmetric/Hermitian and x; = y;. Furthermore, they considered more refined
versions of SGI where the vectors z; are in d-dimensional Hilbert space as in [I].

The aim of this paper to extend the Grothendieck’s inequality and SGI to quaternions H. Since
quaternions is a skew-field, which is noncommutative, there are a number of obstructions to over-
come, to have the Haagerup type constant [9]. We now describe briefly the results we obtained.
Let F = H. We first show that the inequality holds, where z;,y; in the quaternion Hilbert space
H', where | > m + n, and ¢;, 0; € H with the constant Kgﬂ. Using the analogous results to Krivine
[11] and Haagerup [9] we show that Kg < 1.2168. This result is achieved by establishing the most
difficult technical part of our paper. Let 92Fi(a,b;c;x) be the classical hypergeometric function.
Denote py(z) = = gFl(%, %,E T ) for ¢ € N. It was shown by Haagerup that the inverse function
pg_l(ac) has first positive Taylor coefficient, while all other Taylor coefficients are nonpositive for
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¢ = 2. In this paper we show Haagerup result for £ = 3. Numerical computations show that the
same result holds for at least £ = 4,5, 6, for the first one hundred Taylor coefficients.

Denote by S™(F) C F**™ the real space of self-adjoint matrices. i.e., A* = A. We show that we
have two analogs of the Grothendieck inequaity (1)) on S™(H):

n n n n
(2) max ReZZaij<xi,a:j < K’y max [Re aijéiéj R
Rim oil=1 Zi:l J.Zzl
n n
max ReZZaU xi, xj)| < KF max [Re g E ;00|
llill <1 |6;|<1 — £
=1 j=1 =1 j=1

Furthermore KH < KH < KH < 64 —1~1.263537.

We now descrlbe brleﬂy the comc Grothendieck inequality” for various cones in S"(H). Denote
by S7 (H) the cone of positive semdefinite self-adjoint quaternionic matrices. We show that in this
case is equivalent to the inequality of the form with the constant 32/97, which is sharp.
This is a quaternionic version of Nesterov-Rietz 7/2 theorem [14, [16] for the real numbers, and
Nemirovski-Roos-Terlaky 4 /7 theorem for the complex numbers [I3]. We next consider the subcone
of S (R) of Laplacian matrices. In this case the constant in can be reduced to K < 1.0338.
This is the quaternion version of the celebrated Goemans-Williamson inequality [7].

2. QUATERNIONS

2.1. Basic facts on quaternions. Recall that H can be viewed as R*. So a € H is of the form
a = ap + a1i + asj + azk. We can identify a with a = (ag, a1, a2,a3)’. We define the real part of a
to be Rea := ag, and the conjugate of a to be a = a* = a9 — a1i — a2j — ask. The product table of
i,j, k is given by

?=j?=k*=-1,ij=—ji=k, jk=—-kj=1i, ki=—ik=].

Hence H is a noncommutative ring over R. Observe next that aa = aa = a + a3 + a3 + a3. Hence
la] = v/aa > 0 and equality holds if and only a = 0. Thus for a # 0 the element |a|~'a = ala|™! is
the unique inverse of a in H. So H is a skew field over the field R, where 1 is the identity element.
Frobenius’s theorem claims that the only skew fields over R are R, C,H. For A € F™*"™ we denote
A* = AT € Fxm,

There is standard way to to present quaternions similar to the complex numbers: z + wj, where
z,w € C. Indeed, if z = x+yi, w = u+vi, the the identity ij = k yields z4+wj = x+yi+uj+vk. Thus
to multiply quaternions we have to remember that the product of complex numbers is commutative
and

(3) 24 wj=z—wj, wj=]jw.

There is another representation of H as a real subalgebra of 2 x 2 complex valued matrices C?*2.
First observe that one can view a as a = (z,w) € C?. Note that @ = (z,—w). (Warning: if one

views (z,w) as a vector with complex entires then (z,w) = (z,w).) Let

(4) C(a) = ( Zw 12” ) e C¥?  a=(z,w).

Then the map a — C(a) is an isomorphism of H and the induced complex 2-dimensional subalgebra
H) = {C(a), a € H} C C?>*2. Note that A(H) NR?*? is subalgebra isomorphic to C. Observe
that

(5) a2 = det C(a), C(@) = Cla)*, Re(a) = %tr(C(a)).



HAAGERUP BOUND FOR QUATERNIONIC GROTHENDIECK INEQUALITY 3

As tr(AB) = tr(BA) we deduce that
(6) Re(ab) = Re(ba) = Re(ab) = Re(ba) = Re(ab), a,b € H.

2.2. Vector spaces. We next consider a right vector space V over H. It is a commutative group
with 0 element denoted as 0. We will denote in this section by the lower case bold letter vectors in
V. For the right vector space V the scalar vector product va satisfies the standard assumptions:

(v+ w)a = va 4+ wa, v(a+b) = va+ wdb, v(ab) = (va)b, vl =wv.

We can define similarly the left vector space over H. In this paper, we only work with right
vector space. Linear dependence, linear independence, subspace, span of a set of vectors, finitely
generated subspaces, basis are defined as for the vector spaces over a field. Every finitely generated
vector space over H has a basis of the same cardinality, which is denoted by dim V. Denote
] ={1,...,1} ¢ N. We view

H = {z=(z1,...,5)", s e H,i € [I]}, H;={z=(x1,...,3), z; € H,i € [I]},

as right and left vector spaces over H respectively. Clearly, dimH! = dimH; = [ and e; =
(81iy-..,03),4 € [I] is the standard basis in H' and Hj.

When a basis is specified, for example, the standard basis in the right vector space H!, the
expression av is meaningful and we will use it when necessary. However, the reader should keep in
mind this expression should be treated as an additional structure related to a particular basis. Its
meaning will be different if we take a different basis.

Denote

(7) T:(fl,...,fl)-r, x*:(fl,...,@), form:(a:l,...,ml)TeHl.

Similar notations apply for € H;. Note that T is defined with respect to the standard basis in Hj.

Let M = (M;;) € H™". Define C(M) = (C(M;;)) € CE™*(2n) to be the block matrix with
2 x 2 blocks C(M;j). Again, this embedding commutes with conjugate transpose, addition and
multplication of matrices. For m = n the matrix M € H"*™ is called (quaternion) self-adjoint if
M* = M. We denote by S"(IF) C F™*™ the real space of self-adjoint matrices: M* = M. When no
ambiguity arises we will drop the dependence on F.

It is helpful to introduce a convenient relabeling of the block matrix C'(M) denoted as C'(M) =
P,C(M)PY, where P,, € {0,1}(27)x(2m) i the following permutation matrix: The matrix Py,
permutes the rows 1,2,....,m+1,...,2mto 1,3,...,2m—1,2,4,...,2m respectively. Then C‘(M)
has the following block structure:

A _ Z w mxn
(8) C(M)_<—W Z)’ Z,W.eC
Clearly, this partition is another isomorphism ¢ : H™*" — C@m)*(2) which is preserved under
multiplication and conjugate transpose of matrices. Note M € S™(H) if in the above representation

of C(M), where Z € S*(C) and W is skew symmetric W' = —TW.

2.3. Inner product on quaternion vector space. Assume that V is a right vector space over
H. A mapping (-,-) : V. x V — H is called an inner product if the following conditions hold:

(y,x) = (z,9),

(ra + yb,2) = alz, z) + bly, 2),
(z,za +yb) = (z,x)a + (z,y)b,
(x,z) >0 for = # 0.

The norm is defined as ||z| = \/(x, ). Let H be a right vector space of H with an inner product.
We also call ‘H the Hilbert space over quaternions. All analysis in this paper is essentially finite
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dimensional. Whether or not we incooperate the completeness in our definition does not change
our result.

Lemma 2.1. (1) ||zal|| = |al||z]-
(2) The Cauchy-Schwarz inequality holds for quaternion vector space,

[z, )| < ll=[lly]l-
(3) || - || is subadditive, i.e., satisfies the triangle inequality. Hence || - || is indeed a norm on V.
Proof. (1) ||zal|? = (za,za) = a*(z,)a = ||z|?*|a|?.

(2) Suppose that x is not a scalar multiple of y, and that neither = nor y is 0. Then z — ya is
not 0 for any a. So

lz = yal® = ||z + lyl?lal* - (z,y)a — a*(z,y) > 0
Let a = tp with real ¢ and |u| = 1 so that (x,y)a = |(x,y)|t. Then
1 + llyl** — 2[¢z, )t > 0

holds for all ¢. So |(z,y)| < ||z||||yl|-
3) (lzll +1ly)? = = + ylI* = 2[lzllllyll - (=) — (y,z) > 0.

O
Two vectors z,y are called orthogonal if (z,y) = 0. A set of vectors z1,...,2z; € V is an
orthonormal system if (z;, z;) = 0;; for 4,5 € [I].
Lemma 2.2. (Gram-Schmidt process) Let x1,...,x, be vectors in a right inner product space V
over H. Assume that x1 # 0. Then there exists m € [n] orthonormal vectors yi,. .., Ym in the span
of 1, ..., xy with the following property. For each i € [n] there exists j(i) € [i] such that x1, ..., x;
are in the span of y1,...,y;i)- The vectors yi,...,ym are oblained by the Gram-Schmidt process.
Proof. Let y1 = z1||x1||7'. Suppose we defined the orthonormal vectors vy, ...,y; such that their

span, denoted as V;, contains the vectors x1,...,z;. So j(i) = j. Let

J
Zi+l = Ti+l — Z Yk (Yks Tit1)-
k=1
Assume first that z;11 # 0. A straightforward calculation shows that z;y1 is orthogonal on ¥, for
k € [j]. Then let yj+1 = 2zi+1]|zi+1] 7} Assume second that z;41 = 0. Then j(i + 1) = j and we
replace ;1 by z;y2. g

2.4. Tensor products over quaternions. There is no natural way to define the tensor product
space over H. So the definition below is coordinate dependent and should not be confused with the
universal construction often used in other settings.

Given quaternion vector spaces H™, H" with standard basis, we define the tensor product H™®@H"
as the space of H"™*™ matrices and u ® v can be identified with wv™. On matrices H™ @ H" we
define the inner product as:

m,n
(A,B) = trace A*B= Y Af;B;;, A=(Ay),B = (Bj;) e H" @ H".
ij=1
Therefore
m,n
(wevzey) =) vuizy;.
i,j=1
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Notice that

m,n
y) = Z U; TV Y
i,j=1
In general, the two quantities are not the same due to noncommutativity.

Lemma 2.3. Let u,x € H™, v,y € H".
(1) If (u,z) € R then (u®@ v,z ®y) = (u,z)(v,y).
(2) llu@ vl = [ull]lv].
(3) Re((T@v,7®y)) = [(v,y)|*.

Proof. (1) If (u,x) € R, then

m,n
* ok
VU Ty = E g i)y = E U T05 Y-
J=1 =1

i,j=1 4,j=1
(2) As (u,u) > 0 it follows that(u ® v, u ® v) = (u, u)(v,v). Hence ||[u @ v|| = ||ul|||v].

(3)

n,n
Re((t®@v,7®y)) = Re(z v;viy; yj) = Re( szyz Zyl = (v, y)|2.
ij=1

O
2.5. Schur’s theorem for quaternions. Recall S"(F) C F"*" is the space of A satisfying A* = A.
We call such matrices self-adjoint. Assume that A = (a;;) € S*(H). We associate with A the
quaternion form Q(z) == x*Ar = Y71, 370 | Tiaijx; for x € H". As (27 Ax)* = 2% Az it follows
that Q(z) is always a real number. The matrix A is called positive semidefinite if Q(z) > 0 for
all z. We denote by S’} (F) the cone of positive semidefinite self-adjoint matrices over F. It is easy
to check that S7 (H) N R™*™ = St (R). If Q(x) > 0 for all  # 0, (x,y) = x*Ay defines an inner
product in H".

Denote by U(F) C F"*" the group of unitary matrices U*U = UU* = I. The spectral theorem
of A € S"(F) claims that there exists a unitary U and a real diagonal D such that A = UDU* [4].
The columns of U are the eigenvectors of A with real left eigenvalues, which are the corresponding
diagonal entries of D. Thus A € S'} (F) if and only if all the left real eigenvalues of A are nonnegative.
In that case A has a unique square root AY2 = UDY2U* ¢ St (F). Hence A = (x;,x;), where
T1,...,x, are the columns of A2, In particular, ||z1|| = - -- = ||x,|| = 1 if and only if the diagonal
entires of A are 1. To get the expression A = (x;, x;), we can also use the Cholesky decomposition.
The usual algorithm for Cholesky decomposition works for quaternions.

Lemma 2.4. Assume that M € H"*"™ has representation C’(M) e CCMXCn) given, by . Then
(1) M € S*"(H) if and only if Z € S*(C) and W is skew symmetric: WT = -W.
(2) M € S"(H) if and only if M € S"(H). Furthermore M € S} (H) if and only if M € S} (H).
(3) M € S, (H) if and only if C(M) € S2*(C).

Proof. (1) Assume that M = Z + Wj, where Z,WW € C"*". Then M* = Z* — WTj. Thus M* = M
if and only if Z* = Z and —WT = W. This is equivalent to the statement that C'(M) € $"(C).

(2) As M = Z — Wj we deduce that M is self-adjoint if and only if M is self-adjoint. Suppose
that M € S} (H). Then M = UDU* where U is unitary and D is a real diagonal with nonnegative
diagonal entires. Then M = UDU* = U*DU = U'DU. As U is unitary we deduce that M €
S (H). Similarly if M positive semidefinite then M is positive semidefinite.

(3) Assume that M is self-adjoint. Then C(M) is positive semidefinite if and only 2* Zz4y* Zy+
2Rez*Wy > 0 for z,y € C". Replace x,y with =, —y we deduce that the above Hermitian form is
nonnegative if and only if the form x*Zx + y*Zy — 2 Re *Wy is nonnegative.



6 SHMUEL FRIEDLAND, ZEHUA LAI, AND LEK-HENG LIM

Assume that M = Z + Wj € S*(H). Let x = z + wj € H", where z,w € C". A straightforward
calculation shows:

" Mx = (2" —w')(Z + Wj)(z +wj) = 2" Zz+w' Zw — 2*Ww + w'Wz

Clearly (w™W2)* = z*WTw = —z*Ww. As z*Muz is a real number it follows that z*Mz =
2*Zz+w'Zw — 2Rez*Ww. Set y = w to deduce the claim. O

For A = (ai;), B = (bi;) € F™*" denote by Ao B = (ai;b;j) the Schur product of two matrices.
Assume that F € {R,C}. Then the Schur product of two self-adjoint matrices is self-adjoint.
Furthermore, Schur’s theorem claims that the Schur product of two positive semidefinite matrices
is positive semidefinite. Assume that F = H. Since H is not commutative the product of two
quaternion self-adjoint usually is not self-adjoint. There are two simple exception: Assume that
A € S"(H). If either B € S*(R) of B = A then A o B is self-adjoint. In these two cases Schur’s
theorem hold:

Lemma 2.5 (The Schur product theorem for quaternions). Assume that A € S’ (H). If either
B € ST (R) or B= A then Ao B € S" (H).

Proof. Assume first that B € ST (R). Lemmayields that it is enough to show that C(AoB) = 0.
Let B = Jo® B, where Jy € Si(R) is a matrix whose entries are 1 and ® is the Kronecker product.

Thus
A B B A z W A ZoB WoB
B:(B B>’C(A>:(—W Z )’C(A°B>:(—WOB ZoB )
Hence C'(AoB) = C(A)oB. Since J, and B are positive semidefinite it follows that B = 0. Schur’s
theorem yields that C'(A) o B = 0. Hence C(A o B) = 0. B
Assume now that B = A. Then Ao A =ZoZ+WoW. As W' = —W it follows that
W oW € S"(R). Since C(A) = 0 we deduce that C(A) = 0. Hence

A - ZoZ WoW
C(A)OC(A):<V_VOW ZoZ )tO.

Restrict this form to the vector (z*,2*)* to deduce that Ao A = 0. O

Lemma 2.6 (Another proof of the Schur product theorem for quaternions). For symmetric pos-
itive semidefinite real matriz M and self-adjoint positive semidefinite quaternion matriz N, their
Hadamard product, defined by (M oN);; := M;jN;j, is self-adjoint positive semidefinite. The matrix
L;j == Nij N5 = | Ni;11? is also self-adjoint positive semidefinite. Remark: This version avoids the
use of embedding. The first proof is not very reader-friendly. I have to write down two concrete
quaternion matrices M,N and go through every step to figure out whether the claim is correct or
not...

Proof. M can be written as M;; = (a;, a;) where a; € R". And N can be written as N;; = (x4, x;)
where x; € H". By Lemma [2.3
(a; @ zk, a5 @ m1) = (ai, az) (T, 1)

So both the Kronecker product and Schur product of M and N are semidefinite positive.
For the second claim, again by Lemma Lij = |[{zi, 2)||? = R((Z; @ x4, 7; ® x;)). So L is the
real part of a positive semidefinite matrix and it is also positive semidefinite. ]

Lemma 2.7. Let H be a Hilbert space over quaternions. Assume that x1,...,x, be n unit vectors
in H. Then for each m € N, there exists m unit vectors 1,y ..., &nm € H" such that (T m,Tjm) =

(i, xj)| (i, ;) *™.
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Proof. Let Ag = ((xi, z;)). Then Ay € S} is a correlation matrix. Denote A,, = A,,—1 0 (Ago Ao)
for m € N. Use induction and Lemma to deduce that A,, is a correlation matrix. Then
Am = ((Zim, Tjm)). Hence (Tim, xjm) = (xi, x5)|(@, ;) [*™. O

2.6. The kernel trick. We now state the kernel trick for quaternion Hilbert space [17) §3.7]. This
technique that was used in [6] to deduce in a unified way the Krivine-Haagerup upper bound on
the Grothendieck constant Kg for the fields of real or complex numbers F.

Lemma 2.8. Let H be a Hilbert space over quaternions. Assume that x1,...,Tn,Y1,---,Yn are 21
unit vectors in H. Suppose that g(z) is an analytic function in the unit complex disk with Taylor
series satisfying the following conditions.

(e.@) (o)
g(z) = Zamz%, a; € R, Z lam| =1
i=0 i=0
Then there exists 2n unit vectors ui,...,Un,V1,...,Vy in a Hilbert space H' such that

Proof. Let z; = x4, zn4; = y; for i € [n]. Lemma yields the existence of unit vectors wj ,, € H2"
such that (w; m, wjm) = (i, 2j)| (2, 2;)|*™ for each m € N and 4, j € [2n].
Let H' = H @ (®5°_,;H?") with the corresponding induced inner product. Define
ui = ziy/|ao| ® (Srz1wimV/ |am|),
v; = yisgnagy/ |aol & (By=1Wnti,m SEN am/ |aml)
for i € [n]. Then u;, v; are unit vectors and (9) holds. O
2.7. Existence of the Grothendieck constant for quaternions. In this paper we view H™*"

as a left vector space over H. We introduce two norms on H"*":

m,n

(10) 1M ]|oo,1: = max{| Yy Mijeidjl, €5, 85 € Hles| = |85 = 1,4 € [m], j € [n]},
0,3
m,n
(1) [M|lgm =max{] Y Mij(wi,y;)|, zi, v € H, |zl = |yl = 1,4 € [m], 5 € [n]}.
i?j

Here H is a right Hilbert space over quaternions. If we choose H to be one dimensional then
the maximum in the Grothendieck norm is the maximum of (co,1) norm. Hence we have the
inequality || M|leo1 < ||M||gu. Thus the problem if we have the reverse inequality independent
on the dimensions m,n: KZ||M|s,1 > [[M|¢u? By multiplying each §; and y; by a fixed a €
H, |a| = 1 from the right, for j € [n], we can replace absolute values in the definitions of the norms
[M|loo,1, [M g by the real part

(12) | M|lco,mr = max{Re(}  M;;&:d)), €i,6; € H, |ei| = [d5] =1,i € [m], j € [n]},
2]

(13) 1M]|gm = max{Re(D  Mij{xi, ;) ziy; € H, ||zl = |ly;ll. i € [m], 5 € [n]}.
1,7

Observe next that the maximum in the characterizations above we can replace the equalities |g;| =
03] = llzi]l = llys]l = 1 by the inequalities |&, 61, |zl ;1| < 1 [5]-

Next we now are going to replace the maximum in the above characterization for || M| s 1,m with
quaternions with matrices of sizes (2m) x (2n) with complex entries. We start with the following
lemma which follows by straightforward calculation:
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Lemma 2.9. Assume that the quaternions a,e,6 have the following matrix representations:

az( @ l_)>,e’:‘=< o 13),5:( LS 1_)) C2x2,
-b a —w Z T}

Re(ad) = Re((2, @) < i _(_f ) (u,0)") = Re((Z, @) A(a)" (u,v)").

Lemma 2.10. Let
M = (M”) S men,si = (zi,wl-),éj = (ui,vi) S H, Ziy Wi,y Uj, Vj S C,

Then

where |2;|> + |wil? = |wi|* + |vi|? = 1,i € [m],j € [n]. To each quatermion M;; = (M;j1, Mij2)

associate the matriz C(M;;) = ( Mija - Mo ) Let M = (C(M;;)T) € CCmx@n) gng
—Mijo  Mija
€= (217 w17 22711_)27 e 727’71711_}7’71)1— € (C2m7 d = (U/l, Ulu ’U/Q, 1)27 R :una'Un>T € Czn'

Then

m,n
RG(Z Ml-jéi&j) == Re(eTMd), where 87;,(5]' € H, ’51’ = |(5]| = |Z7;|2 + |w$| = |u]'|2 + |Uj|2 = 1,
0,

and
(14) | M |1 0o = max{Re(e"Md),e € C*™,d € C*n, |2z|* + |w?| = |u;|* + |vj|* = 1,
fori € m],j € [n]. In particular

(15) M

Proof. Use Lemma to obtain the first equality of the lemma. Clearly, the set |z|? + |w|? = 1

is a subset of |z| < 1,|w| < 1. Hence the characterizations and the complex norm ||M||o 1.c

yield the first inequality in (L5)). In the equality |z|*+|w|* = 1 choose a special case |z| = |w| = \%

LooH < |M|l100c < 2||M

1,00,H-

Then |v/2z| = |v/2w| = 1. Hence the maximal characterization for 2M corresponding to ||2M || .1 5
is not less than || M ||, 1,c- O

We now recast | M| gm in termis of the above matrix M. We first write down z,y € H! as
2 + wj, u + vj, where z, w,u,v € C'. We next observe that

(16) (,y) = (z + wj,u+vj) = ((z,u) + (v,w)) + ((z,v) — (u,w))].
Introduce the following four vectors:
fl = (ZT7ET)T7 f2 = (wT7 _zT)Ta g1 = (uTaﬁT)T7 g2 = (vTv _HT>T € C2l‘

Then

(z,y) = (f1,91) + (f1,92)i = (f2, 92) — (f2, 91)J-
Note that (f,g) = f*g is the standard inner product on C?. Furthermore

LAl = A2l = Nzl llgall = llgall = llyll;

The next lemma relates Re(a(x,y)) to the corresponding Re(Z?,jZI(A(a)T)ij(fi, gi)):

Lemma 2.11. Let a = a+ bj € H and z,y € H'. Then
2

Re(a(r,4)) = 5 Re( > (A(0) pa(fpr90))

p,q=1
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Proof. The above formulas yield

Re(a(z,y)) = Re(a((z,u) + (v,w)) = b((z,v) = {u,w)) = Re(a((u, 2) + (w,v)) = b({v, 2) = (w, u))
= Re(a(f1,91) + b{(f2,91)) = Re(a(f2, g2) — b(f1, 92))

As A(a) = < 5 2 ) we get

2
Re( Z (A(@))pg(fps 99)) = Re(a(fr, 91) = b{f1, 92) + b{f2, g1) + a{fa, g2))-
p,q=1
Compare the two expressions to deduce the lemma. ]

The following result is an improvement of the Grothendieck’s result [§] that K& < 2K&, and an
analog of [5 (63)]:

Theorem 2.12. The Grothendieck constant for quaternions is not more then the Grothendieck
constant for complex numbers: Kg < Kg.

Proof. Let M = (M;;) € H™ ™. Let M e CRmX() he defined as in the proof of Lemma [2.10
Lemma [2.10] claimes that [|M||oc,1.c < 2[|M ||oo,1 -

Assume that the entries of M are Mij € C where i € 2m],j € [2n]. Let z1,...,Tm,Y1,-..,Yn €
H, be vectors of norm one, where H is an inner product space over quaternions. As one has
Gram-Schmidt process in H we can assume that z1,...,%m,y1,...,yn € H*™™. Consider the
Grothendieck norm || M||gm. For each x;, y; define fo;_1, fai, g2j—1, f2j as before the proof of Lemma

The proof of Lemma that ||M||gm is maximum on all fi,..., fom, g1,...,92n € C2(ntm)
of the expression

1 m,n 2
5 Re( 0D (CMi) g Fai=1)+p 92(-1)+4))-
i,j=1p,q=1
Clearly, the above maximum is not more then the maximum for %HM |lg,c, since the vectors
f2i—1, f2i, 9251, f2j are of a special form. Hence

1, ~ KS -
|Mllgn < 51 lee < ZENM e < KM locpm:
e right hand side inequality follows from .
(Th ight hand side i lity foll 1 ) O

2.8. Semidefinite programming for computing quaternion Grothendieck norm. In this
subsection we state the computation of || M || as an SDP problem on positive semidefinite Hermit-
ian matrices. We use the characterization (13). Let z; = z;, 2,4 = y; for i € [m],j € [n]. Denote
by GP(H) C S% (H) the convex set of quaternion correlations matrices, i.e., all positive semidefinite
quaternionic matrices whose diagonal entries are 1. Assume that G = G(z1, ..., 2min) € G (H).
Let H = C(G). Then H € S2™+7)(C) is a complex correlation matrix of the form (8), where
Z,W € C™™ and WT = —W. Let us denote this real subspace of complex correlation matrices by
C2m+n) | Define as in [5]

0 M

Ao = [0

] c Sm+n(H)
Lemma 2.13. Assume that M € H™*™. Then

\M|gu = %maX{Retr AM)G,G e G"™(H)} = imax{tr C(A(M))H, H e c2m+m)},
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Proof. Let G = G(z1,. .., Zm+n) be defined as above. Then

trA( ZZMZ_] ijxl> +sz l'zayj ZZM’J szayj Mji<xi7yj>7
i=1 j=1 i=1 j=1
m n
Retr A(M)G = ZZRG Mij<$iayj> + Re Mij<xi7yj> = QRGZZMZ‘j<IEi,yj>
=1 j=1 i=1 j=1

(To deduce the last equality we used (6)).) Lemmanylelds that G € Sm+” iff and only if G € Sm+"
As the diagonal entries of G are 1 we deduce that G € G™*"(H) if and only if G € G™"(H). Use
(L3) to deduce the first part of the characterization of || M||¢u. Since A(M),G € S™*"(H) we have

0 M], [0 M
My 0 —MJ 0

My, My € C™" Gy € S™(C), Qo € Clmtnxtmtn) g1 ¢,

:|j) G:G1+G2j7

Hence
G= él — (o], RetrA(M)@ = Re(AlC_;?l + AQGQ).

Observe next

cuan = |4 Bl ca=g

tr C(A(M))C(G)) = tr(A1Gy + AaGo + AsGy + A1G1) = 2Re(A1G1 + AGa).

As G € G™"(H) we deduce that C(G) e c2mtn)  Vice versa, if H € C2(M+7) then H = C’(G‘) for
some G € G™'"(H). Hence G is a quaternion correlation matrix. This proves the lemma. 0

2.9. The sign function for quaternions. We define our sign function over FF

_)2/lzl 2 #0,
(17) sgnz = {0 L—0

Denote by S = {a € H, |a] = 1}, the 3-dimensional sphere in R*. Note that multiplication by
¢a(b) = ab, and 1), (b) = ba are orientation preserving orthogonal transformation on H for a fixed
a € S3 and b € H. In particular ¢,(S3) = ,(S?) = S3.

On S3 let do be the Haar measure on S3, which is invariant under the action of ¢g,vy,. We now
give the following generalization of Haagerup formula [I0] for sgn(z) for quaternions:

Lemma 2.14. Let z € H. Then
3

(18) sgn(z) = / sgn(Re(w2))wdo ().
87r ’LUESS

Proof. Clearly for z =0 trivially holds. We next assume that z = 1. Hence the left hand side
of is 1. Let w = wo + wqi + waj + w3k € S3. Then Re(w*) = wp and sgn(Re(w)) = sgn(wp).
We first observe that

/ sgn(wo)w;do(w) = 0 for j € [3].
wes3

This follows from the observation that the transformation w — w is Haar measure preserving on
S3. Hence

| sentwowgdotw) =~ [ sma(wouydatw). € 3]
weS3 weS3
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Observe next that sgn(Re(w))wo = sgn(wo)wo = |wo|. Thus we need to show that [, _qs [woldo(w) =
%”. We now introduce the spherical coordinates on R* as follows:

wp = cos(¢g), w1 = sin(¢g) cos(¢1), we = sin(gy) sin(¢y) cos(¢p2),
w3 = sin(¢o) sin(¢1) sin(gs), do = sin®(go) sin(¢1)dpoderdea,
@0, P1 € [O,TF],QZ)Q S [O, 27T].

Hence

T ) ™ 2m 87
[ woldotw) = ([ cos(oo)lsin(oodan) ( [ sinonaon)( [ don) = 5.

Hence holds for z = 1. For a general z # 0 we recall that sgn(z) = sgn(tz) for any ¢ > 0.

Hence it is ehough to show for z € S3. That is we need to show the equality
3
z=— sgn(Re(wz))wdo(w), z¢€ S
8w weS3
By multiplying by z from the left it is enough to show that
3
1=— sgn(Re(wz))zwdo (w).
8T Juwess

Now introduce a new variable u = ¢z(w) = zw on S . Note that & = wz. Since the Haar measure
on S3 is invariant under ¢; we get that do(w) = do(u). Hence the above equality is equivalent to
for z = 1, which was proved. O

2.10. Quaternion Gaussian. Recall the distribution of GR(2) and GE(z) given [10]. The Gassian
quaternions H" has the distribution

T\ —2
GE(2) = (5) 7" exp(~2]l213).
The variance chosen here is totally arbitrary.

Theorem 2.15. Assume that u,v € ‘H are of norm one, where H is a right vector space over H.
m(z) is the Lebesque measure in H"™, then

/ sgn{u, =) sgn(z, ) GE(=)dm(=) = (u,0) fu(| () )

costt dt
\/l—luv |2sin? ¢

If (u,v) is real, then

/nsgn<z u) sgn(v, 2) Gy (2)dm(2) = (u,v) fu(|(u, v)])

costt gt
\/1—]uv |2 sin? ¢

Proof. We will prove the first formula, the proof of second formula is the same. First we claim it
is enough to prove this formula for n = 2. Indeed, Since span (u,v) is at most two dimensional,
by performing Gram-Schmidt orthogonalization process we can find an orthonormal basis in F”
such that u,v € span (e, e2). F™ can be decomposed as span (e, ez) and its complement. By the
correspond decomposition of the Gaussian variable, its integration on the complement dimension
is simply 1.

Recall the famous Grothendiecks Identity: for any fixed real vectors u,v of norm 1, we have

/n sgn(z, u) sgn(z, v)GX (z)dx = %arcsm(u v).
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For u,v,z € H", donote their real vector form as u,v,z € R4. Then (u,v) = Re(u,v) and the
Grothendiecks Identity becomes:

/ sgn Re(u, z) sgn Re(z, v) G (2)dm(z) = 2 arcsin Re(u, v).

™

By Lemma we have
/ sgn(u, z) sgn(z, v)GE(z)dm(z)

iz [ sen(Re(in () sen(Re(inalz, o) usdo ) da(uwa) G ) (2

9

=an 3 arcsin(Re((uw1, vwg)))wiwado (wi)do (w2)
327 w1 ,we €33

(1) Assume now (u,v) = a € R, then Re{uw;,vw) = aRe(w1w2) = aRe(wiwy). Thus we
deduce

(u,v) fu(|(u,v)|) = 3297r3/ - arcsin(|(u, v)| Re(wiws))wiwado (wy)do (w2)
= % / - arcsin(|(u, v)| Re(w; (wl_lwg))wl(wl_lwg)da(wl)da(wg)
9 .
= o7 /o arcsin(|(u, v)| Re(q))qdo(q)

The second equality is due to the fact that do(ws) is a Haar measure. The third equality is due to
the fact that the volume of S? is equal to 272
Observe that the left hand side of this equality is real. Hence

9

(u,0) ) (1, 0)) = o

/es?’ arcsin(|(u, v)| Re(q)) Re(q)do(q).

Now use the spherical coordinates as before to deduce that

(0.0) (I, 0)]) = [ avesinl o) cos o) cos o sin® dud

= g /2 arcsin(|(u, v)| cos ¢g) cos ¢g sin® godey
0

9 jus
=3 /2 arcsin(|(u, v)|sint) sin t cos® ¢ dt.
0

Finally do the integration by part to get

. ) = A1 2 Vi

(u, v)|? sin? t
Thus

costt

19) ful \/1—|uv\281nt
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(2) If (u,v) is not real, then there is a norm 1 quaternion ¢ such that (uc,v) € R.
/ sgn(u, z) sgn(z, V)G (z)dm(z)
:/ esgn(uc, z) sgn(z, v)GE(2)dm(z)

(cu,v cost t
— / dt
V1= [{cu,v)|2sin®t

(u,v) cost t gt
\/1—]uv]251n t

O

2.11. The function p(x). Define a function over the open quaternion unit disk Dy = {z € H, |2| <
1} by
3z [T/ costt

20 P(z) = — dt, z € Dy,

(20) (2) 2 /0 (1 — |z|2sin?¢)1/2 "

and the function p(z) as the restriction of P to (—1,1) C R. Note that p/(z) > 0 on (—1,1),
p(—1) = —1 and p(1) = 1. Hence p : [-1,1] — [—1,1] is a strictly increasing continuous bijection.
Since [—1, 1] is compact, p is a homeomorphism of [—1, 1] onto itself. By the Taylor expansion

> (2k — D!
(1-— 22 sin? t)_1/2 — Z ((Qk)ll)l’% sin2k t, 2] <1,0<t<1/2
P "
and
" 2% — 1)lI
/ cos* tsin®* tdt = 3 ) L)”’
0 2 (2k+4
we get
oo 91 (2k’ — 1)” 2 -
! B —1, 1.
) 7 ;)16(k+1)(/-c+2)[ (2F)!! ]"” o el

Let pe(z) = x 2F1 (3, 3; ¢;2°) be the function introduced in §1} A straightforward calculation shows
that p(z) = 32p3(x). This observation coincides with the formula [2, (3.2)]. Namely &4(2) = p(z).

More general Eyq(z) = Cagpari(z), where Coq = (1/d)(D((2d + 1)/2)/F(d))2. Thus, whenever
the inverse function of py(z) has first Taylor coefficient positive and all other nonpositive one can
improve the value of the Grothendieck constants K 32(5_1) as in [0]. Compare above p(x) with
the real Haagerup function

(22) Z 4 l~c+ 1) [ 2k2;)!1!)”] L welL

Observe that h(x) = Tp2(z). Note that

(a°p(2)) = Sa’h(x).

As [@’“‘1}”] < 11t follows that

= 9 (2k—1” N I 1 9
kzz(]lﬁ(k+1)(k+2)[ ]<kzzol6k+1 YE+2) 6ZOI<:+1 2 " 16
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Therefore the power series for p(xz) (or P(z)) converge uniformly to a continuous function on
the closed quaternion unit disk Dy. Note that p(z) is analytic in the open complex unit disk
D = {z € C,|z| < 1}. Use the ratio test for the coefficients to see that the radius of convergence
of the series for p(z) is r = 1. Since the Taylor coefficients of p(z) are nonnegative, Pringsheim’s
theorem yield that z = 1 is a singular point. As p(—z) = —p(z) it follows that z = —1 is also
singular point. As p’(0) > 0 it follows that p(z) has an inverse analytic function in some disc

D(r)={z€C,|z] <r}. So
o

(23) pl(z) = Zczk+1z2k+l, zeC,lzl<r,0<r <1
k=0

The reason that r < 1 is because 1 is the singular point of p(z). The coefficients cor41 are given by
the Lagrange inversion formula:

. d2k + 2k+1
24 - : |
(24) Cok+1 (2k +1)! tl—r>r(l) [dt”€ (p(t)) }

Since p'(z) > 0 for 2 € (—1,1) the function p~!(2) is an analytic function in some simply connected
domain containing (—1,1).
Assume that p(z) = w. Then z = p~*(w). As p3(z) = 22w it follows that z = p3 (

32

W) =

p~!(w). Hence the Taylor coefficients of p~!(w) and p3 ' (w) have the same signs.

2.12. Haagerup’s method. In this subsection we will try to apply methods in [10] to show that
cok+1 < 0 for & > 0. We first show that as in [I0, Lemma 2.2] that p(z) can be extended to a
continuous function p*(z) in the closed upper half plane CT = {z € C,$(z) > 0} which is analytic
in the open upper half plane C} = {2 € C,3(z) > 0}. Recall that
9 (3
(25) p(z) = B /2 sint cos® tarcsin(zsint)dt, —1 <z < 1.
0
The analytic function sin z is a bijection of [~F, 7] x [0, 00) onto the closed upper half plane. Let

arcsin® z : Ct — [-F, 5] x [0, 00). Note that

arcsin™ x = arcsinz for — 1<z < 1,
T
arcsin™ x = 5 +iarccoshx for z > 1,
- T .
aresin® z = — + iarccosh (—z) for x < —1.
Furthermore arcsin™ z is analytic in C}. Hence we can define
N 9 (% o
(26) p(z) = B sint cos” t arcsin™ (z sint)dt.
0

Lemma 2.16. The function p(x) given by has an analytic extension to C} given . Fur-
themore p*(z) is continuous on C*. Its value for x > 1 is given by the formulas:

g [sini=g 2 3 [sni=y  geosttdt
Re(p™(z)) = (/ sint cos? t arcsin(z sin t) dt + / sin t cos? tEdt) =— —_—
2" Jo sint=1 2 2 Jo V1 —22sin’t

9 (% 3 (2 Yt dt
S(pt(z)) = / sint cos? t arccos(z sint) dt = Lo
S

2 int:% 2 sint:% v/ x2 sin?t — 1‘
Similar equalities hold for x < —1. Furthermore

(27)

z 4
Re(p™(z)) = /0 (1 — 2 2sin?w)

e 3077 (@) = 50— 7

1—272)sin“v

3
2
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Proof. The arguments of the proof are the same as Haagerup plus the following modification. First
recall that (cos®t)’ = —3sintcos?t. Hence

sint=Z . 1 sint=1 4
s . . . . . sin t=1 = xcos tdt
3 / sint cos? t arcsin(z sin t)dt = — cos® t arcsin(z sin t) |;$0 T+ _—,
0 V1 —22sin’t
2 ™
3/ sint cos? todt = — = cos t|
sint=1 2 2 sint=

These equalities show the first identity for Re(p™(x)). Use the same integration by part for the
first identity for S(p™*(x)).

For identities (27) use the same substitutions as in [10, page 205]. For the expression Re(p™(x))
use sinu = xsint. Since in the integrant we have cos*t = cos?tcos?t we need to multiply the
integrant of Haagerup by cos?t = 1 —sin?t = 1 — 2 sin? u, which gives the factor (1—2~2sin? u)%

For the expression 3(p™'(z)) use the substitution sinv = \/% Again cos?t = (1—272) Sian

Lemma 2.17. We have the following series expansions for x > 1:

=2

Furthermore the functions 1, and o strictly increase on for x > 1.

Proof. First, we use the following Taylor expansions:

s _ .3, 1 = (2k-1D)!

k=0
Second, we use the formula [ sin®" udu = (;7} Hl), 7, where (— 1)!! =1
To show that 1)y () strictly increases observe that 1 — 272 sin? u strictly increasing for = > 1. To
show that 15 (z) striclty increases for x > 1 observe that the functions (1 —2z~2) and m
strictly increase for x > 1. O

Use and the arguments of [I0][Lemmas 2.3 and 2.4] to deduce:

Lemma 2.18. (1) S(pT(2)) > S(pT(|2]) for 2| > 1, S(z) > 0.
(2) p*(z) has no zero in C* except z = 0.

Lemma 2.19. Assume that the Taylor series of p~*(z) are given by . Let a > 1. Then for an
odd positive integer n we have
2 “ + —n - + -n
en=— [ S (2)") dx +r(a), where [rn(a)] < —(Sp™ ()"
™ Jq n
We now imitate the steps in the proof of Haagerup for nonpositivity of Taylor series of h(z) for
k > 2. We will do that without relying on the complete elliptic integrals, only using Lemmas
and 2.17 We first start with the following Lemma:

Lemma 2.20. The ration Z?Eg strictly increases for x > 1.
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Proof. Let
"(pg((L') . fO \/1 )sin? v . 1 - fO \/1 )sin? v
Pi(z) fo (1 — 2 2sin u)2 du fo [(1—272)~1(1 — 2 2?sin u)} 2 du

The proof of Lemma yields that the numerator of the last expression strictly increases for
2 > 1. Thus it is enough to show that the denominator of the last expression strictly decreases for
x > 1. This would follow from the claim that

1—(1—272)sin?u

2
1= .2 = CoS u+x2_1
strictly decreasing. This is obvious from the last last expression. (I
Clearly
3
Y1(1) =1, ¢i(o0) = e P2(1) = 0, t2(00) = 00

Corollary 2.21. The complex function p™ has the following expression for v > 1

ngg p* (@) = ¥1(2) + iwa(w) = " (@)] ) = \[UR(@) + V() .

The function 0(x) strictly increases for x > 1, where (1) =0 and 6(c0) =

0(x) = arctan

5
The above corollary is the analog of [10][Lemma 2.7].
Next we need an analog of Lemma 2.8. We first start with the following lemma .

Lemma 2.22. Let x(x) : [0,5) — [1,00) be the inverse function of 0(x). Then the substitution
x = x(y) yields:

dx _ ¥ (x(®)) + ¥3(x(y))
dy  Py(x ()1 (x(v) — V1 (x(W)v2(x(v))’

e — ot n Pi(x(y) + ¥3(x(y)) _
() =l WD e o ) — B4 ) o) Y

(P12 0c(w)) (¥ (e(®))er (x() — 4 () (x(9))))

Proof. As y = 0(x) is strictly increasing on [1, 00) it follows that = x(y) is strictly increasing on
[0,3). Clearly

dy Yo(x),,  Yh(x)1(z) — ¥ (x)ha(x)
P (arctan @le(x)) = @) T3 (@) :
This equality implies straightforward the lemma. O

The following proposition follows from , the numerical calculations and the last part of
Lemma

Proposition 2.23. Let w(x) = ¥h(x)1(x) — P (x)a(x). Then w(x) strictly increases on [0, 7],
where

T~ 1.732, w(r) = 1.360, w(1) = '(7) = 0.
Assume that w(z)|p™ ()™ is strictly increasing on [1,a] for some m > 0. Then for each integer
k >0 the function w(x)|p*(x)|™** strictly increases on the interval [1,a].

Let us choose o = 5 and

¥2(5)
¥1(5)
By Proposition w(z)pt(z)|" increases in [1,5]. We now give an analog of [10][Lemma 2.8].

~ 0.8097.

0y = 0(5) = arctan
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FIGURE 2. Graph of function w(z)|p™ (z)|".

Lemma 2.24. Let a =5 and 0y = 0(«). For a fizedn € N let p = L%J Set

9 O(x)="7r
I, = — pt(2)| 7" sinn(z)|dx
= fygey P i)
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forr=1,... p. Put

2 (0%
I'=— IpT(x)|~"| sinnb(z)|dx
T Jg(x)="2p
Then:
(1) -
gy S(pt(x)™)de = —I1 + I — -+ (—1)PI, + (—1)PHir.
1

(2) Forn>9 one hasp>2and Iy > 1o >--->1,> I
Proof. (1) Observe that S(p™(z)™™) = |[p*(x)| " sin(—nb(z)) = —|p* (z)| " sin(nb(z)). Hence
/ S(p*(x)")da = _/ p" ()| " sin(nf(x))da = *( I+ Do =4 (1)PL + (=1)PFLD).
1 1

(2) Let o = x(y) for y € [0,6p]. Use Lemma and the definition of w(z) in Proposition (2.23))
to deduce

) = % :T ) (wOx@Nlp™ (x@))") " sinny|dy,
0o
I'= % (@Dl (x@)"®) [ sinny|dy.

Recall that the function w(z)|p™(z)|” strictly increases on [1,5]. Use Proposition ([2.23)) to deduce
that w(x)|p*(z)|["? is strictly increasing on [1,a] for n > 9.
Since |sin(ny)| is periodic with period 7/n, it follows that

Il>12>"'>Ip.

Additionally,
r_ 2 & + n—2\—1
I'= (W@l (x()["2) [ sinny| dy
™ %p
< 2 T )t )I) sy dy
-z -
<1,

We now give the analog of ¢ in [10]:
Lemma 2.25. Let

Yo (@)2(x) + Py ()¢ (2)
H = @)~ @) et
Then p(x) strictly decreases on the interval (1,1.732]. Furthermore

J.
(log [p™ (x())])' = M(X(y)), y € (0, 5).

Proof. The claim that p(x) strictly decreases on (1,1.732] follows from the Proposition[B.5 Clearly

log " (2)] = 5 log |p* ()P = 5 log(u3(2) + ¥R (x).

Hence

=
S
<-
[\v)
=
S
+
=
=

y;))%(x(y))xf(y) — u(x(y)).
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FIGURE 3. Graph of function pu(z).

We now give the analog of [10][Lemma 2.9]:

Lemma 2.26. Let n > 21. I, I, ... are defined as in Lemma and ¢ = (1) ~ 1.2020. Put

¢ = |[pt(r)]e” ") ~ 1.2923.
Then
(1) I > 23387,
(2) I < 0.0331I;.

Proof. Recall that (log|p™(x(y))|)
n

wu(x(y)) and p(x) is strictly decreasing on (1,1.732]. Hence
w(x(y)) strictly decreasing o

(0,60(1.732)]. In particular, for y € (0,0(7)]

1(x(y)) = p(x(0(7))) = pu(r) = g ~ 1.2020.
Therefore

(31) log [p* (x(u))| —log [p™ (x(v))] = /u p(x(®)dt > q(u —y), for 0 <y <u < O(7).

Choose u = () to obtain

(32) ™ (x(y))| < ce® for y € [0,0()].
(1) We first use for r =1:
2 [n o1l .
Li== [ (wh®)p" ()" )" sinny|dy.
™™ 0
Since n > 21 it follows that
T T
T < 2 ~0.1496 < 0(1) ~ 0.3224.
n =21 <0(r)
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As w(z) is increasing on the interval [1,7] it follows that (w(x(y)))™' > w™!(7) on (0, %] Hence
2
w(T)m™n
Apply inequality to deduce that

™

/0 " 1ot (@) P sinny dy.

I >

2 n
() / (ce?)> " sinny dy
0

2c2—m T (n=2ay |
=— e n sinydy
w(T)m™? Jo

262—71 T
> 2/ e Wsinydy
w(T)m™? Jo

L >

2¢2 1+e "
c
w(r)m? 1+ ¢?

—n

Since
262 147

w(r)m 14 ¢

~ 0.32697,

this completes the proof of (1).
(2) We now use for r = 2:
27
2 [ o1l
I=— | = (wx@)lp" (@)™~ sinny|dy.

n

We now make a subsittution y = ¢+ 7 in the integral formula for I5:

2 = - -
L= t+=)p*(x(t + —)[" ) sinnt dt.
2= ), (""<X(+n))‘p (X(‘f‘n))! )" sinn
Let

.9 g _

lo = — t + t+ = n—2\—1 _: tdt.

2= ), (@Ol (x(t + —))["2)  sinm
Since n > 21 it follows that

2 2T
— < — =~0.2992 < 0 ~ 0.3224.
n — 21 < (T)

As w(z) is strictly increasing on the interval [1, 7], we know that (w(x(y)))~! strictly decreases on
(0, 27”] Then one gets I> < Is. Next use the inequality for y =t and u =t + 7 which yields

_ (n=2)gm ™
n

PO 2 e+ DT, refo ).

(&

Hence for n > 21
A _ (n=2)qm

L <e "0 < e WL < 0.0331.

Theorem 2.27. ¢; = % and copy1 <0 for k> 1.
Proof. Let k > 10. Applying Lemma with o = 5 and Lemma [2.24] we have
—copp1 =T — I+ -+ (1P (—1PT = rap41(5)
> 11 — Iy — rop41(5).

Using Lemma [2.20, we get

0.315 5
512937 @D 1 (5)] < o247 GRFD,

L—1) > ——"
(L 2)>(2/~c+1) 2% +1
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Plugging above formulas into —cog1 > It — Is — roi41(5), it follows that for £ > 10

—cop+1 > (I — I2) — rop41(5)

0.315 5
_ 0010 oga-@kt1) _ 2 o 4—(2k+1)
> G 2+ 1
2k+1
L0815 oy [, Bk 1) (1293
2k + 1)2 0315 \ 24
> 0.

By directly using , we can obtain following approximations (rounded to two decimal places).

n 1 3 5 7 9
—cn, —32/97m 0.12 4.84-1073 25581073 1.22-1073
n 11 13 15 17 19

—¢, 6.76-107* 4.15-107* 2.74-10* 1.91-10~* 1.39-107*
0

Since copq1 < 0 for k > 1, hy(z) = c12 — h™1(2) has nonnnegative Taylor coefficients. Vivanti-
Pringsheim theorem yields that if the radius of convergence of Taylor series of hy(z) is r then hi(z),
and hence h™1(z), has a singular point at r. As h'(t) > 0 on (0,1), and h(1) = 1, it follows that
r>1. Clearly h=1(t) < S0l cors 12+t for t € (0,1). That is Yo, copr1[t2*H! < ext — A= (t)
for t € (0,1). In particular S>_, |copi1] < e1 — 1. Thus 3222 eapr1] < 2¢1 — 1.

As ¢1 # 0, clearly, the function

(33) P(x) = Z |02k+1|m2k+1
k=0

is a strictly increasing and continuous on [0,7). Recall that if the series converge for g € R
(pointwise) then r > |zg|. Hence ¢(z) = 400 for > r. ¥(1) = > 2 |cor41] > e1 = 32/(97) > 1.
Thus there exists a unique ¢g € (0, 1) such that ¥ (co) = 1.

Proposition 2.28. The following equality holds

o0 o0

_ 32
> learsal == copp=c1—p (1) = 9 1
k=1 k=1
Hence the equation ¥(x) = 1 has a unique solution co € (0, %) given by the equation cy = p(2c1co—
1). Equivalently, let xo be the unique solution of
97 (1 + zo)
34 _ TR
(34) plao) = 02
Then
97 (1 + o)
35 =
(35) iy = ST

Proof. Observe that 1 (z) = 2ciz — p~(x). Hence 1(co) = 1 is equivalent to p~(c) = 2c1c0 — 1,

which implies that ¢y = p(2c1cg — 1). Set 29 = 2¢1¢9 — 1 and use ¢y = 9”%1960) to deduce the

Proposition. ]
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2.13. An upper bound on Kg.

Theorem 2.29. Let xg be the unique solution of (34). Then
64

36 K8 <  ~1.2168.

(36) = 9n(xo + 1)

The same value of an upper on the constant KG 4: 1.216786 was calculated in [2, Table 1, p’ 81].
The authors explain on §6, that the computation of Table 1 are “just numerical, and do not yield
a formal proof”.

Proof. Recall previous definition of P(z) and v¢(z)

P(z) =argzp'(|z]) Zc2k+1Z’Z‘2

o0
co) = > learpa|cg Tt =1
k=0

Recall Lemma (2.8). Let g(2) = Y 52 carr1car 22k, Then p~'(col2|) = |2|g(|2]). Given unit

vectors Ti,...,Tm,Y1,---Yp iN a quaternionic Hllbert space H, then there exists unit vectors
Ul, ..., Um, V1, ..., Uy i a quaternionic Hilbert space H’ such that P~1(co(zs,y;)) = (ui,vj). Let
‘H1 be an I-dimensional subspace of H’ spanned by uy, ..., Un,v1,...,v,. Thus we can assume that

H, = H', where I < m + n. Assume that maX|€i:|5j:1‘ZZml Z 1 M;;€;05] < 1. Then

Z Z M;;sgn(u, z) sgn(z,vj>G]lH(z) <Gl(2), zeH.

i=1 j=1

Integrate over the Lebesgue measure of H' to get ‘Z;nl > iy Mg P((us, Uﬁ)‘ < 1. Now

1> in:zn:MZ]P«ul,U]»' = izn:MijCO<$iayj>

i=1 j=1 i=1 j=1

Take maximum on unit vectors xi,...,Tm, Y1, ..,y to deduce that [|[M|c < 1/co. O

2.14. The function p(z) (2I) and the constant K/. We claim that the function p(z) (21) is
the function ¢% [5, (40)]. The proof is very similar to part (ii) of Lemma 3.1 in [5]. Hence we have
inequaities: Kg4 < Kg2 < Kg.

3. SYMMETRIC VERSIONS OF GROTHENDIECK INEQUALITY FOR QUATERNIONS

In this section, we address the symmetric version of Grothendieck inequality for quaternions.
Note that S"(H) is the set of n x n quaternions matrices A satisfying A* = A and S’} (H) is the set
of positive semidefinite matrices A satisfying u*Au > 0 for all u € H". There is no natural left or
right action of quaternion scalar on the space S"(H), so we should view it as a real vector space.
Recall that on S"(C) the inner product is given by (A, B) = tr A*B = tr AB € R. Unfortunately,
for A, B € S"(H), where n > 2 the tr AB does not to have to be real. Since we view S™(H) as a real
vector space, we define an inner product on S*(IF) as Retr AB = %tr(AB + BA). This definition
is identical with the standard definition of the inner product for F € {R,C) and gives the right
definition for quaternions.
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We consider the quantities:
n n n n
ReZZaij(xi,xj), ReZZaij&-&j.
i=1 j=1 i=1 j=1

Asin we can compute the maximum of the first term using SDP. Also, as in [5], in this section
we modify the definition of sgn z for z € H:

2l 240,
sgn z =
1 z=0.

This will yield the equality |sgnz| = 1 for all z. Clearly Theorem will still apply for this
definition of sgn z.

3.1. Symmetric Grothendieck inequality. Denote by S (H) the real subspace of all quaternion
self-adjoint matrices with zero diagonal. Then A € SI(H) is of the form A = D + Ay where
Ap = (a;j0) € Sp(H) and D is a real diagonal matrix. So tr A = tr D. Observe that

n n n n
ZZaij<xi,xj> =trA+ ZZaijp(xi,xj) if ||£L‘Z|| =1.
=1 j=1 =1 j=1

For A € S"(H) we consider the following quantities, which are analogous to the quantities we
introduced in [5]:

Rez Z awé 0

zl]l

Reg E a;j mz,xj

=1 j=1

| Allg = max;s; =1 |Re 377, 227 aijid; |, | Alle = meax

)

| Al = max

All, = e
[ Ally = maxz, =1 max,

Re> ity D00 aijl@i, ) |,

Clearly ||Allgp < [|A]|y and [|Alle < [|A]|r. Asin [5] we observe that ||A|lg = 0 if and only if Aisa a
diagonal matrix, and tr A = 0. Indeed, observe that

n n B
Z Z Zaijéiéj =2"tr A.
6;€{-1,1} i=1 j=1
Assume that ||A|lg = 0. Then we obtain that tr A = 0. Hence ||A]lg = ||Aollg = 0. Observe next
that

Z Z Z aij = 2" (120102 + a210201) = 2" 2(a12016 + a120201).
Sie{~1,1},i>3 i=1 j=1

Suppose that ais 7& 0. Choose §; = sgnajs and d9 = 1. Then (auglég + C_L125251) = 2|CL12| which
is a real number. Hence the assumption that ||Ag|lg = 0 yields that a1 = 0. Similarly we deduce
that Ag = 0. Hence [|Al|, = 0 if and only if A is a diagonal matrix with zero trace. Denote by
S (H) the real subspace of self-adjoint matrices A = (a;;) where a11 = -+ = apy,. Then ||A||y and
| Ally are norms on S (H).

We now claim that ||Al|r is a norm on S"(H). Clearly, ||A||r is a seminorm. Choose ¢; = 1 and
(5]' =0 for 7 75 ] Then |R€Z?:1 Z?:l (17;]'51'(5” = |au| = 0. Hence A = Ao. As HA0||9 < HAH@ =0
we deduce that Ag =0. Thus A =0 and || - |le is a norm. As ||A|le < ||A|r it follows that || - ||r is
a norm on S"(H).

Let D" C ST (R) be the convex subset of all positive semidefinite diagonal matrices whose
diagonal entries are in [0, 1]. As in [5] it is straightforward to show that

(37) [Alle = max{||DADlls, D € D"}, | Alr = max{|[DAD||,, D € D"}.
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Let KQYH, KIIEI the smallest possible constant, (which in principle may equal to co), for which on has
the inequalities

(38) 1A, < KF1IAlle, — 1AIr < KX [ Alle-

Theorem 3.1 (Symmetric Grothendieck inequality). The symmetric Grothendieck constants sat-
1sfy the following relations

4
(39) Kg < KP <K< ;i — 1~ 1.263537.
Y

Proof. The first inequality follows from the proof of Lemma [2.13] The second inequality follows
from the characterization (37). We now show the third inequality. Assume that [|Allp < 1:

Re> il >0, aijgiéj' < 1 for |0;] = 1. Let x1,...,z, be unit vectors in a right Hilbert space

‘H. Hence the span of z1,...,x, is contained in a subspace of dimension at most n. Thus we shall
assume that zq,...,x, € H”. We claim that
ZZQU (@i, i) |P((wi, ) F| <1, k+1eN
i=1 j=1
Let
D(x, 21, ..., 20%41) = sgn(z1, x) sgn(z, z9) sgn(zs, x) . . . sgN(22k+1, &), T, 21, - - - , 22p+1 € H".
We claim that
2k+1
/(]HI 2kt (I)(:Ea Rlyos 22k+1)<1>(y, Rly- oy 22k+1) H GH(zp)dm(zp) = P(<$, y>)|P(<$, y>)|2k'
n p:1

Assume first that (x,y) is a real number. Then the above equality follows by applying Theorem
2k + 1 times. Observe next that for a € H, |a| = 1 one has the equality ®(za, 21, ..., 20k41) =
®(x, 21,...,29k+1)a. Hence by replacing x with xsgn(z,y) we deduce the above equality.

Clearly

n o n
‘Re Z Z CLij‘I)(IZ', Zlyeeey 22k+1)(1)(.%‘j, ATREEE) Z2k+1) < 1.

i=1 j=1
Hence
Re DS o P PG| =
=1 j=1
2k+1
‘Rez Z a;j /Hn s O (4,21, ...y 22k41) (25, 215 - - 5 Z2k41) H GH(z,)dm(z))| <
=1 j=1 p=1
n o n 2k+1
/ ReZZaijq)(xi,zl, o 2ok1) (g, 21, . L Zok1) H GH(zp)dm(zp) <1.
(Hn)2k+1 == i
Finally
n n n n
’Rez > aij(wi,zs)| = [Re > > ay PmH(P((ws, xj)))'
i=1 j=1 i=1 j=1
R )| P 2k| < =— 1
2 |Cok41] e;;% (i, 25)) [P (i, )7 | < kZ:O‘CZk-i-ﬂ o
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3.2. Cones of positive semidefinite matrices. Assume that A € S*(R),B € S"(H). Then
tr AB = tr BA. Hence Retr AB = tr AB. For real positive definite matrix, the quantities we are
considering have a special relation:

Lemma 3.2. For A € S (R),

S o] = s [3°3 )| =

max = max max g E agj x“y]
i||=1 || <1 il|=1 1
laill=1] = ladll<1| = = il =1l =1 = =
where T1,...,Tn, Y1, ..., yn € H' and
n n n n n n
max E E aij <5za(5]> = Imax E E aij<5i,5j> = max E E aij <(5¢,€j>
16:]=1|“— “— [0: ] <1 4= “— [0:]1=1,|ej]=1]|— “—
=1 j=1 =1 j=1 =1 j=1
where 01,...,0p,€1,...,€, € H.

Proof. Observe that by definition

E g a;j(zi, ;)

=1 j=1

n n

| 2 2 i)
=1 j=1

Define the matrices X = [z1,...,2,],Y = [y1,...,yn]. Because A is real positive definite. Then

A = B2, where B = (b;;) = A/

Zzaw xz,y] Z szblpazy] Jp

i=1 j=1 p=1 i=1

n n
DY ai(i,y;)
j=1

1 1
HmlH ||y7|| i—1

||331H 1

is an inner product of the space H'*". By Cauchy-Schwarz, we have

n n
(XY)) < VIXK)VY) < me |37 aig i)

=1 j=1

So

max 122 (@i ;) ZZ% i, 7;)
lzall=Lllys I=115= 53 || zH % -1 =
and the first equality holds. By taking [ = 1 in the previous argument, we see that the second
equality holds. O

The next theorem is a generalization of the Nesterov m/2-Theorem.

Theorem 3.3. Let A = (a;5) € S (R) is a symmetric positive semidefinite matrices. Then

ZZ(LM(%,% ZZGU (51,(5

i=1 j=1 =1 j=1

< —max

40
(40) o T 97 |8)=1

flil|=1

where 1, ... ,x, € H', 81,...,6, € H. By Lemma we can change the expression in both sides
of the inequality.

Proof. Assume

max
[0;]=1

> D a6 6| =

i=1 j=1

Then for any z1,...,z, € H,

ZZaU (@i, ) < 1.

=1 j=1
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Consider the matrix G;; = (z;,x;). The first coefficient of P is 3—72’. By the Schur product theorem
for quaternions,

Ao P(G) —Aog—ﬂ—GEO.
32
So
> ayP((wi, ) > T DO aglwi,xg).
i=1 j=1 i=1 j=1
So the inequality holds. O

We claim that the constant g—g is sharp. Recall the results in [5] for C. For A € S’ (R) the
complex norm ||A||(OCO71 is ||All,2. Hence the inequality [|A[¢ < (4/7T)||AH£0,1 yields the inequality
|Allc < (4/ 7T)||A||H§72. But according to [3] this lower bound is sharp. I think that same result holds
for quaternions. Namely, for A € S7 (R) HAHIOHL),1 = ||A||H§ 4~ The proof should be similar to the

complex case, as in [5]. Also, one should have teh equality ||A||],$I = ||Al|¢ as in the complex case in
[5]. Thus for A € S™ (R) Theorem [3.3|is ||A|lc < (32/97)||Allg,4. But this result is sharp according

to [3].

In the real and complex case, to prove the sharpness, we need to take random vectors equidis-
tributed in the unit sphere, when number of vectors and the dimension — oo, we get the sharpness.
In quaternions case, the same counterexample does not work.

. . . ot 2 1 - §

In the sgi paper, Lemma A.1 has a quaternion version. In page 26 the bound | - ||, > - is also

right for quaternions. However the argument for || - || breaks for quaternions. -Zehua

3.3. Cones of weighted Laplacians. For any matrix A = (a;;) € S*(R) with zero diagonal and
positive off-diagonal elements, we can define L 4 by
L4 := diag(Al) — A,

where diag(z) denotes the diagonal matrix whose diagonal is z and 1 is the vector of all ones. And
we can define the set of all weighted Laplacians:

L":={La: A8 (R).ai =0,ai 2 0 for all i, j} = {L € "(R) : LT = 0,0 < 0 for all ¢ # j}.
We have L" C S} (R).
Theorem 3.4. Define the quaternion Goemans-Williamson constant:
agw = 021 1;5;@
Then for all L € L,
W IIIxI:ﬁLi(1 Z Z Lij(wi, x5)

i=1 j=1

n n

D> L6, 65

i=1 j=1

1
< g Inax
Aoy 10:=1

where x1,...,x, € H', 61,...,0, € H. The value of the constant is approzimate 0.967337, so
K <1.0338. By Lemmal[3.3, we can change the expression in both sides of the inequality.
Proof. We will show that for h € H, we have
14+ P(z) . . 1—Re[P(h)]
inf ———~=inf ——=
0<z<1 14z Ihl<1 1 —Re(h)

By definition,

o 1 —Re[P(h)] < inf 1+ P(:J;)

lhl<1 1 —Re(h) 0<e<t 14w
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On the other hand, if Re(h) > 0, let h = x +y, x = Re(h). The Taylor expansion of P(x) is given
in formula 21} P(z) = >, o bair12% 7. byiy1 > 0 and P(1) = 1.

Re[P(h)] = Zbgi+1$($2 + ]y\Q)i bgi+1£L‘ =X.
i=0 i=
So
o 1 — Re[P(h)] S1> inf 1+ P(a:)
Ih|<1,Re(h)>0 1 — Re(h) 0<z<1 14=z

If Re(h) <0, let h=—x 4y, = —Re(h). Then
1— Re[P(h)] =14+ Z b22‘+1$(x2 + |y[2)i >1+ Z b22‘+1$2i+1 =1+ P(ZL‘)
1=0 =0

So
1 — Re[P(h)] S 1+ P(x).

1n 1n
lh|<1,Re(h)<0 1 —Re(h) T~ o0<z<1 14z

So we have
1 — Re[P(h)] > inf 1+ P(z)

|}1L]|a<1 1—Re(h) ~o<z<1 14z

and the equality holds.
Let Ly € L™. Assume

max |y Y (6, 8;)| = 1.
oal=1173 j=1
For any unit vectors x1,...,z, € IHIl
/ ZZZW sgn(x;, z) sgn(z, x;)Gp(z)dm(z) < 1.
i=1 j=1

Because L is a real symmetric matrix, we have

/ ZZZW sgn(z;, z) sgn(z, xj)Gp(z)dm(z)

=1 j=1
— ZZlijP(<$iaxj>)
i=1 j=1
i=1 j=1
=) ai;(1 — Re[P({zs, z;))])
=1 j*l
> O‘GWZZQU — Re[(zi, zj)])
=1 j=1
= O‘GWZZQ” $Z7:UJ>)
=1 j=1

= adw > > lijlwi,x)).

i=1 j=1
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Hence

DO lijlwi, )

i=1 j=1

max
[[z:]]=1

< -
>
Xow

0

3.4. Cones of diagonally dominant matrices. As in last section, all matrices considered in this
section will be real. Let Sj, := {4 € S"(R) : a; > }_,;; |ai;|} be the cone of symmetric diagonally
dominant matrices. Let S},(R,) be the cubcone of diagonally dominant matrices with nonnegative
entries.

Lemma 3.5. Every A € S}, has a unique decomposition A = P+ L such that P € S],(R}), L € L"
and l;jp;; = 0 whenever i # j.

Proof. Let B be defined by b;; = —a;; if a;; < 0 and @ # j, b;; = 0 otherwise. Then B has zero
diagonal and positive off-diagonal elements and L € L". Let P := A — L. Then p;; > 0 and
lijpij = 0 whenever ¢ # j. Since a;; > ZZ—# laij| = Z#j(lij + pij), we have p;; = a;; — Zi# lij >
> 4 Dij, 8O P € §}},. Uniqueness follows by the definition. O

Clearly,
L™ C Sy € ST (R).
By definition, we expect the constant of Geothendieck inequality for S}, lies between those of L"
and S7 (R). The following theorem gave a bound for the constant.

Theorem 3.6. Let ag = % be the constant given in Theorem and O‘%W be the quaternion
Goemans- Williamson constant. Then for any A € S,

iia--(x- zj)| < <1+ 1—a0> max
ig\Li, Lj)| > agw 5|1 C

i=1 j=1
where z1,...,z, € HY, 61,...,0, € H. The value of the constant is approximate 1.1204. By
Lemma (3.2, we can change the expression in both sides of the inequality.

42 max
( ) llz:l|=1

Proof. Let A = P + L be the decomposition given by the lemma. Assume that

n n
max ZZaij@Z,é]) = 1.
oal=117 j=1
We have
n n
1> aP((wi,z5))
i=1 j=1
n n n n
= ZZlZ]P(@Cz,x]‘)) + ZprP«xz,x]))
=1 j=1 i=1 j=1
n n n
> agy Z Lij(wi, T5) + ao Z Zpij (i, x5)
= i=1 j=1
n n
= agw Y aij(wi, x5) — (aGw — a0) > pij{wi, 7).
=1 =1

Since P € Sj;(R4), we have

Zzpij@i’xﬂ < Zzpzj :Zzalj <1

i=1 j=1 i=1 j=1 =1 j=1
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So

n
aGw Y aij(wi, ) < 1+ agw — ao
j=1
and the inequality follows.

29
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APPENDIX A. ADDITIONAL RESULTS ON QUATERNIONS

I added here some results on quaternions that seems to me not essential for the paper. So this
section can be probably safely deleted. (Shmuel)

A.1. Representation of quaternions as real 4 x 4 matrices. This part was taken out from

subsection|2.1] By representing a complex number z = z+yi as 2 x 2 real valued matrix ( _xy Za/: )

we can represent C'(a) as
, a=(z,w),z=a+yl,w=u+vi

Then a — C(a,R) is an isomorphism of H and the induced 4-dimensional subalgebra C(H,R) =
{C(a,R), a € H} C R4,

A.2. Elementary operations and rank. This subsection was in the end of subsection 2.1} One
can perform elementary row operations on M to bring M to row echelon (REF) or reduced row
echelon form (RREF). The number of pivots is called the row rank of M. The row rank of M
is the dimension of the row space of M. This elementary row operations can be implemented by
the corresponding product of the elementary matrices from the left hand side of M. We can also
perform the corresponding elementary column operations, when we multiply the columns be the
scalar from the right. This can be done by the corresponding product of the elementary matrices
from the right hand side of M. It is equivalent to finding to REF or RREF of AT. (See the
arguments below.) The row rank of AT will give us the dimension of the columns space generated
by the columns of A, viewed as the right vector space over H. We claim that the row rank and the
column rank are equal. As C(a) is invertible if a # 0 and C(0) = 0, we deduce that the elementary
row operations on M corresponding to the elementary block row operations on C(M). Hence the
row rank of M is a half of the rank of C'(M). Elementary column operations on M correspond to
the elementary block column operations on C(M). Hence the column rank of M is a half of the
rank of C'(M).

A.3. Additional results in quaternion inner product space. These results were taken from
the end of subsection 2:2] In what follows we need the following lemma

Lemma A.1. Let z,y € H'. Then

(43) Re((z,y)) = Re((7, 7))

Proof. Use @ and the definitions of Z, 7 to deduce

! !
Re((z,y)) = Re(z TiYi) = Re(z yizi) = Re((y,T)).
i=1 i=1

Let b1, ..., b, be an orthonormal basis in a right vector space V. Then

m n

(44) v=> bilbi,x), y=> bilbi,y) (w,y) =D (@,bi){bi,y).
=1

i=1 i=1
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Definition A.2. Let V be a right m-dimensional vector space over H with the inner product ().
Let B ={b1,...,by} be an orthonormal basis in V. For a vector v € V we define

B = ibz<bz,v) = ibl<v,bl>
i=1 =1

APPENDIX B. INCREASING PROPERTIES OF THREE FUNCTIONS

Recall the definiton of our functions:

(45) () = Re(p ())_2/2(1—x—2sm2u)3du

(46) Yale) = S (@) = 51— 2~ = fflx” —
(47) w(x) = Py()r(z) — ¢2( )iy (a

(15) D=1, (o) = 2T, 4a(1) =0, dr(o0) =

It is easy to show from the definitions that 1 (z) and w2(x) are increasing functions on [1,00).
We are interested in some properties of related functions on the interval [1,5]. For the function
Yo (z), since it is a function of y = /1 — 22 for x € [1,00), y € [0,1/24/5], we can differentiate
this function as many times as needed on the interval [1,5]. However, for the function ;(x), one
can show that the second derivative does not exists at 1, i.e., it value at 1 is oo.

We also observed in [6] that WE g strictly increases on [1, oo) see Lemma 2.17. Furthermore,

I o = (2k = B2k — )T _
(49) Y1(x) = Re(p (z)) = 16(3 DY TP 2,
k=2
37 o= (2k — D)I1(2k + 3)!! _
(50) Vo) =S _E SR i
=0
B.1. Basic properties. Set
3.4 5 = (2k—5)1(2k - 1) 2k
(51) 1 = Z(g—ﬂf "‘Z 922 (}1)2 ),
k=2
2L (2k — 1)I!(2k + 3)!! Covk42
2 = 1- .
(52) Z Rk L)

Thus

3 3 97
Y1 = o1 tala) = Toon w = @, &= 6ho1 — dadh.
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Furthermore

=5

_ 2k — D2k +3 _
=230 B1 gy
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> (2k — 5)!)( 2k—1) ok 1
Z 222 (1) (k — 1) )
=2

)

)

3 _ 2k — 52k + 1) o
— (-3 4+k22(22k2(3g!)((k; j‘l))! L2k 2)

o0

Y

22kE(k + 1)!

e}

2k — N2k +3
=2z —GZ + 3N (1 — 27 2)*(2k + 5 — 322).
k=2

226kl (k4 1)!
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We introduce following finite series, where m will be speccified later. All those functions are
rational functions.

3.4 T2k = 52k — 1)
¢1,m(x)21(§_w 2+Z< 22k)_2((k')2 ) x Qk)a

—1
- 3 9 (2k — 5)!N(2k — )N 2k
P1m(z) = 1(3 - ( 22k—2([1)2 )
k=2
— 5! — 1
(2m 5)(277’2 1)”"1}72(m71) 1 )’
22m=2 ()2 2?2 —1
. 3, 5 = (k=521
1m(x)—§($ _]; 2262 1(k — 1)! v ),
m—1
- 3, 6 (2k =52k — DI o4
P1,m(z) = 2($ - (; 22621 (k — 1) t )
_@m-=HlEm -1 5y 1 )
22m=2ml(m — 1)! x2 =17
3 4 = E=B)NRE+ DN g,
Tm(z) = 5(_395 +Z 22l — 1)1 ):
k=2
—1
- 3 4 2k =5)N2E+ D! o o
¢1,m(l‘):§(—3$ +Z 9% =2k — 1)l
k=2
2m-=-5)"Cm+1)!! 5, 1 )
22m=2m!(m — 1)! o)
(2 — N2k 4 3)!! CovE42
(@) = 1- :
$2.m(T) kz Pk L)
m—1
. (2k — 1)!1(2k + 3)!! Covkta
() = 1—
P2,m() ; 22kk'<k+2) ( z)
2m — 1)!1(2m + 3)!! Covm42 2
(1- ) Ty
22mm'(m+2)'
Lo (2k — D)2k + 3)N! ~
_ 9,3 1 p—2yk+1
¢2m ;) 22kk' k+1) ( X ) )
- (2k — 1)I1(2k + 3)I! _
o2, Z 22kk'/<:+1) (=27
(2m — 1)!!(2m+3)!! Covmal 2
(1- ) Ty
22mm‘(m+1)'
_ (2k — 1)N(2k + 3)! _
6 2\k 2
) =2z Z 22’%'/{:—}—1) (1—a7%)"(2k + 5 — 327).

We claim that we have the following inequaities:
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Proposition B.1. Forz > 1,

0 < ¢1m(7) < d1(x) < Prm(2),
P1m () < B1(x) < ¢ (2),0 < ¢ (@),
Tm(@) < 8{(2) < drm(2),
0 < Go.m(z) < da(z) < dom(z),
0 < ¢ (2) < @3(x) < dom ().
When m > 35,1 <z <5,
& (@) < 8 (x)

Proof. All the above inequalities are clear except the five inequalities

D1(2) < drm(®), PLm(2) < B1(2), ¢f(2) < d1.m (@),
$2(x) < dom(x), (@) < Pom ().

To show the inequality ¢1(z) < ¢1,n(x), we argue as follows. First observe that coefficients of ¢1 ()
is strictly decreasing for £ > 2. This follows from the observation that the ratio between two terms

(2k —3)(2k+ 1)
Ak + 1)

<1

(2k=5)1(2k—1)1l | (2k=m)i(2m—1)1
22F—2 (k12 Y T oam—2(k])2
for k > m. This will increase the value of ¢;(x). The infinite sum for £ > m can be summed to

for k > 2. Now in the infinite series of ¢1(z) we replace the coefficient

(2m — 5)!1(2m — 1)!!58727” I (2m-5)!2m — 1)!!$72(m71) 1
22m=2(m)2 1—272 22m=2(m])2 22 -1
The other inequalities can be shown similarly. O

To prove certain poperties of those function, we need to use Mathematica. Essentially, we only
use CountRoots to calculate the number of roots of a rational function in a given interval. If
the number is 0, we can conclude that the function stays positive or negative in this interval.
CountRoots applies an exact algorithm so that we can prove our results rigorously.

To bound infinite series by finite series, we need this trivial lemma:

Lemma B.2. For two real numbers a,b, if 0 < a1 < a < ag, by < b < by, then min{ay1by,a2b1} <
ab < max{ajby, agba}. If furthermore b > 0, then a1b; < ab < agbs.

Proof. Consider min ab, where a,b are variables that satisfy a1 < a < ag and b < b < by. Then
this minimum is min{a;b;,4,j € [2]}. We now use the assumption that 0 < a;. Hence a1b; <
a1by, azby < asby. Hence ab > min{a;by, aszb; }. Similarly

maxab = max{aibj, ’i,j (S [2]} = max{albg, agbg}.
Assume now that b3 > b > 0. Then

min{ab, a € [a1,as]} = min{a1b,aeb} = a1b, max{ab,a € [a1,as]} = max{a1b, asb} = asb < asbs.

O
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B.2. The function w(z). In this section, m = 50.

Proposition B.3. Assume that T € (1,2) is the smallest value of x > 1 such that &'(x) = 0. Then
T > 1.732.
Proof.
&'(z) = ¢5(x)p1(x) — P2(2)¢Y ().
We now apply Lemma as follows. First set
a1 = p1m(x),a = d1(z), a2 = 1 (), by = Py m(T) < d5(x), € [1,5],m = 50,
to deduce
5(@)¢1(2) = min{@f ,, (2)1m (), @ (2)d1,m ()}
Second set
a1 = d2m(2), 0 = 62(2), a2 = dom(2), b2 = Grm(2), @ € [1,5],m = 50,

to deduce

¢2(2) ¢ (x) < max{@,m(2)d1,m(x), 2 (2)d1m(2)},

which is equivalent to

—2(2) ¢ (2) > min{—2,m (2)P1,m (%), —Fo.m(7)S1,m()}.
So &'(x) is larger than the minimum of 2 x 2 = 4 functions. Using CountRoots, we found that
those 4 functions are all positive in [1,1.732], thus 7 > 1.732. ]

B.3. The function w(z)p!,. In this section, m = 50. Let

(57) pela) = o) + v3a) = SE/h i) = 166 + 64

Proposition B.4. The function w(x)p!, increases in the interval [1,5] for | =17.

Proof. Note that since w is increasing in the interval [1, 7] we automatically have that for all I > 1
the function w(z)p!, increases on [1,7]. So now we have to verified that w(z)p!, increases on
[1.732, 5].
Set s;(z) = @(x)p/?(x). Then
(58) sy = plA2((1)2)@p + &'p).
Let
p=(1/2)af +&'p=10(16616] + d2¢) + &' (1667 + ¢3)
We need to prove p > 0 in [r,5]. When z is in [1.732, 5], by CountRoots, we have ¢, > 0, g?)Lm <
0, ¢, < 0. In view of Proposition we deduce that
0< drm(z) < Pi(x), 0<—¢rm(z)<—¢](z) for z € [1.732,5].

Furthermore, Proposition yields @ = ¢od1 — ¢1d2 > ¢, P1.m — gf?'lmqggvm. Again, when z in
[1.732,5], by CountRoots, ¢/2,m¢1,m — gb’l,qugg,m is_ positive. So we can bound from below the whole
term (1/2)0p’ by U(@h ;nP1,m — A1 m®2,m) (1601 mP1.m + P2.m@h ,,). This term is positive.

For the second term, if & > 0, we have nothing to prove. So we can assume &’ < 0. Because
&' = i1 — pal, and —pa¢] is positive, so we can assume ¢} is negative. Recall that for m = 50
and z € [1,5] we have the inequality ¢4, (v) < ¢5(z). Hence for x € [1.732,5] we have the
inequality ¢4 ,,(z) < ¢4(x) < 0. Therefore

&' (1663 + ¢3) > (¢ 1 1,m — G2.mP1m) (1693, + $3,,,), = € [1.732,5],m = 50.
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Finally, use CountRoots to test whether I(¢ ,,,¢1m—) qgg,m)(16¢51,m¢317m+¢2,m¢§7m)+( g,mdﬁ,m—
¢27m¢1,m)(16¢1’m + ¢2’m) is positive in [1.732, 5]. The answer is yes. O

B.4. The function p(z). In this section, m = 40. Recall the function

(z) = Ya(@)y2() + ¢ (2 (2)
by (@)1 () — oy ()92 (x)

Note that

1 ¢h(x)i(x) — ¢ (x)da(x)
dp(z)  y(x)d2(x) + 169 (x) 1 (z)”

¢y (x)d2(x) + 16¢) (2)¢1(2))—
(z)d2(x) + 1661 (z)d1(2))".
Thus
v = 9361 (161 + 63) — 050 (1667 + ¢3) — B(1667" + ¢5).
Proposition B.5. The function v(x) is positive in [1,1.732], so u(x) is decreasing in this interval.

Proof. We have to consider two different intervals: [1.01,1.732] and [1, 1.01]. B
Assume that = € [1.01,1.732]. By CountRoots, ¢1,,,(z) > 0in [1.01,1.732], so ¢} (z) > ¢1,m(z) >
0 in [1.01,1.732]. Recall Proposition and Lemma [B.2] for = € [1.01,1.732] and m = 40:

a1 = d1,m(2)(1667 1, () + 63 1, (2)), 0 = ¢ (2) (1661 () + ¢3(2)),
a2 = B 1 () (1697 1, () + 63, (),
b1 = ¢ (2),b = $5(2), b2 = d2,m ().

Then we have

¢y (1607 + ¢3) > min{d ,,¢1.m (1667 ,, + 03 ), ¢2 P (1607, + 03,,)}-
For the second term, —@h¢/(16¢? + $3), by Proposition

01 = G (@)(1663 1 (&) + 63, ()). . = ¢g<x><16¢%<x> + 63(2)),
a2 = Gom(2) (1667 1, () + 93 1, (@),
b = ¢ 1 (2),b = ¢ (2),b2 = d1 ().

Use the inequality ab < max{aibs, asbs} in Lemma to deduce

~ 050 (1663 + ¢3) = min{—G2mé1m (1663, + 03 ), B P1m (1667, + 63 1)}

For the last term —@(16¢7 + ¢7) we proceed as follows: First recall that @ > 0 for x > 1. Use
Proposition and Lemma to deduce @2(7) < ¢2.m®1.m(T) — P2.m@1.m(x) for x > 1. Hence

O() (1697 (2) + ¢5 (7)) < (D2mP1,m() = S2.mb1,m () ($1,1 () + (D2, (2))?) =
—0(2) (1667 (2) + ¢5 (7)) > —(2mP1,m(x) = d2mP1,m (@) ($) () + (P2,m(x))?)
There are 2 x 2 = 4 cases, in each case, their sum is positive in [1.01,1.732]. So v(x) is positive
when z € [1.01,1.732].

Assume that = € [1,1.01]. For ¢/ (), we need a better lower bound than ¢1,,,(z) because when
x — 1, ¢1,m(x) diverges to —oo while ¢/ (x) remains finite.
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Recall the definition:

4 2 [2
P1(z) = —hi(z) = — /2 (1 — 22 sin? u)g du.
3T ™ Jo
Take the derivative and note that 7 < 22/7,
6 jus
¢1(x) = 513_3/2 sin? u(1 — 272 sin? u)% du
m 0
6 -3 % 2 ) 1
> - sin®u(1 — sin“ u)2 du
Q 0

6 2 2 7
= ;1:3/ sin?ucosuduy = — >
0

T 3 = 1123
For the first term, Proposition yields ¢4(x) > ’Q’m(x), (xz) > ’1'm(a:) By CountRoots,
g,m(x) > 0, ¢/1/7m(x) > 0. Hence

7
P30 (167 + ¢3) > ¢/2,,me3(16¢%,m + O3 .m)-
For the second term, because ¢1, ¢2 are increasing functions, we can bound them above by value at
1.01. So the whole term can be bounded below using Propositionby —¢2,m¢1,m(16¢1,m(1.01)2+
bo.m(1.01)2).

For the last term, we use the same bound as for the interval [1.01,1.732]. Finaly, the sum of
three terms is positive in [1, 1.01] using CountRoots. So v(x) is positive when z € [1,1.01]. O

APPENDIX C. INVERSE FUNCTION WITH NONPOSITIVE TAYLOR SERIES EXCEPT THE FIRST ONE
The following result is probably well known, but somewhat surprising:

Lemma C.1. Let f(z) be formal real power series of the form
(59) flx) = Zaixi, where a; > 0, and a; <0 fori> 1.
i=1

Then the formal inverse function series g(x) = f~1(x) have a positive first Taylor coefficient and
all other Taylor coefficients are nonnegative.
Assume that f(x) # a1z and the above series for f have radius of convergence r € (0,00|. Then
one of the following conditions hold:
(1) Assume that f'(x) > 0 for all x € (0,7). Then the radius of convergence of g(x) is f(r).
(2) Assume that there exists t € (0,r) such that f'(t) = 0. Then the radius of convergence of
g(x) is F(1)

Proof. Define fi(z) = —> 2, —Z; 2'~1. So all the Taylor coeffients of fi(x) are nonnegative. Let
_ T __ 1
G(x) = @) = e h@) Hence
1 (k+1-—1)
k 7
Gh= 1+ .
a’f( P (k—1)k! f(@))

Hence all Taylor coefficients of G¥(x) are nonnnegative. Apply Lagrange inversion theorem to
deduce the lemma.

Assume that f(z) is not a linear function, and r is the radius of convergenve of f. Since —f+ajz
is a nonzero function with nonnegative Taylor coefficients Vivanti-Pringsheim theorem yields that
if » < 0o then & = r is a singular point of f. Clearly, g(z) is not a linear function. Let r; be the
radius fo convergence of the Taylor series of g. Vivanti-Pringsheim theorem yields that if r; < oo
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then 7 is a singular point of g. Since f(z) is not a linear function it follows that f/(x) strictly
decreases on (0, 7).

Assume first that that f'(z) > 0 on (0,r). In particular a; > Nay_1r""1 for each n > 1.
Therefore r < oco. Observe next that f'(z) € (0,a1] for z € [0,r). Therefore f(z) is a continuous
strictly increasing function on [0, 7], where f(r) < air. As ¢'(f(x)) = ﬁ it follows that g(z) is
analytic in the neighborhood of each = € [0, f(r)). Therefore 71 > f(r). Assume to the contrary
that 1 > f(r). So g(z) is analytic at the neighborhood of f(r) and ¢'(f(r)) > 0. Hence f(z) is
analytic at 7 = g(f(r)), contrary to Vivanti-Pringsheim theorem. Thus r; = f(r).

Assume now that f'(t) = 0 for some ¢t € (0,7). As f'(x) strictly decreases on (0,7) we deduce
that f'(x) > 0 for = € [0,t). Hence ¢ is analytic in the neighborhood of each z = f(x) for z € [0,1).
As f'(t) = 0 it follows that f is not locally invertible at ¢. Hence g has a singular point at f(¢). O
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